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Abstract
We establish six terms exact sequences relating the KK-theory groups and the E-theory
groups of an amalgamated free product C-algebra, A1 B A2; to the respective groups of the
three constituents, A1; A2 and B: In the KK-theory case, we assume that B is ﬁnite
dimensional, but in the E-theory case only that B is nuclear, or is the range of a conditional
expectation in both A1 and A2: In particular, we obtain the conjectured six terms exact
sequence for the K-theory of an amalgamated free product in this generality.
r 2003 Elsevier Science (USA). All rights reserved.
1. Introduction
Cuntz and Germain have conjectured the existence of two short exact sequences
which should relate the KK-groups of an amalgamated free product A1 B A2 to the
KK-groups of A1; A2 and B: See Remark 2 of [C1], Conjecture 0.1 of [G2] and
Conjecture 3.11 of [G3], where the conjecture is formulated in varying generality. In
[C1], Cuntz proved the conjecture when there are retractions from the Ak’s onto B; in
[G1], Germain proved it when B ¼ C sits unitally inside the Ak’s which were assumed
to be ‘K-pointed’, cf. Deﬁnition 5.1 of [G1], a condition which he subsequently, in
[G2], weakened to K-nuclearity (in the sense of [S]). Finally, in [G3] he announced a
proof of the conjecture under certain technical assumptions (‘relative K-nuclearity’)
which among other things require the existence of surjective conditional expectations
Pk : Ak-B: In another direction, the conjecture was established in increasing
generality for examples coming from groups or actions by groups in [C2,L,N]. In this
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direction, the ultimate result seems to be that of Pimsner [Pi], who obtained results
which, among other, verify the conjecture when G1 and G2 are countable discrete
groups containing a common subgroup H; Ak ¼ ArGk; k ¼ 1; 2; and B ¼ ArH
for some actions of G1 and G2 on A which agree on H: However, in the general case
the conjecture remained open even when B ¼ C:
In this paper, we establish the conjectured six terms exact sequences when B is
ﬁnite-dimensional. In principle, the method we use for this is the same as that of
Germain. In [G2,G3], Germain wrote down a -homomorphism G : C-SðA1 B A2Þ
between the mapping cone C for the inclusion B-A1"A2 and the suspension
SðA1 B A2Þ of A1 B A2; and made the observation that the conjecture is equivalent
to the KK-invertibility of G: He was then able to invert G in KK-theory when B ¼ C
under the assumption on A1 and A2 mentioned above. The method of proof that we
shall use is in principle the same, but the goal—to invert G in KK-theory—is
achieved by completely different means. In fact, we shall obtain the proof by
working with extension groups in much the same way as in the work of Brown [Br],
who obtained partial results which inspired Cuntz in the formulation of the
conjecture, cf. Remark 2 of [C1]. By working with extensions we shall establish
enough of the desired exact sequences to deduce that Germain’s homomorphism is
invertible in KK-theory. To do this, we use two important ingredients which were
not available when Brown did his work, namely Boca’s result on free products of
completely positive unital maps [Bo] and the automatic existence of absorbing trivial
extensions together with the related duality results for KK-theory obtained in full
generality by the author in [Th1].
A major part of the paper is an attack on the analogous conjecture in the E-theory
of Connes and Higson [CH] and we obtain the desired six terms exact sequences in
much higher generality in this setting, as described in the abstract. The approach we
take for this is new: Provided B is properly embedded in both Ak’s, meaning that an
approximate unit in B is also an approximate unit in Ak; there is an exact sequence
0-SðA1 B A2Þ-coneðA1Þ SB coneðA2Þ-A1  A2-0; ð1:1Þ
where A1  A2 is the unrestricted free product. As shown by Cuntz [C3], A1  A2 is
KK-equivalent to A1"A2: Based on methods and results from [Th2] we show here
that coneðA1Þ SB coneðA2Þ is equivalent to B in E-theory provided one can always
extend an absorbing -homomorphism out of coneðBÞ to one out of coneðA1 B A2Þ:
This is the case when B is the range of conditional expectations in A1 and A2; or B is
nuclear. In both these cases, we obtain the desired exact sequences from the E-theory
exact sequences arising from (1.1). Note that the extension (1.1) is actually semi-split
(this follows from Boca’s work [Bo]), so it is not inconceivable that this extension can
be used to obtain the result in KK-theory rather than E-theory. However, the
methods we use here to show that coneðA1Þ SB coneðA2Þ is equivalent to B works
only in E-theory. By specializing we obtain the conjectured six terms exact sequences
for the K-theory groups in the same generality as for our E-theory results. It is
noteworthy that there is presently no known approach to this result which is not
based on KK- or E-theory.
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In a ﬁnal section, we point out that there is a serious limitation to our method; in
general there may not be any -homomorphism deﬁned on coneðAkÞ which restricts
to an absorbing -homomorphism on coneðBÞ: This explains why our approach
stops short off a proof in the general case.
2. Results in KK-theory
Let A and D be separable C-algebras, D stable. Let MðDÞ denote the multiplier
algebra of D: Since D is stable there are isometries V1; V2AMðDÞ such that V1V1 þ
V2V

2 ¼ 1 and V 1V2 ¼ 0 and we can deﬁne the orthogonal sum a"b of two elements
a; bAMðDÞ to be V1aV 1 þ V2bV2 : Similarly, we can add maps, j;c : A-MðDÞ;
orthogonally; viz. ðj"cÞðaÞ ¼ V1jðaÞV 1 þ V2cðaÞV 2 : We call a -homomorphism
j : A-MðDÞ absorbing when the following holds:
When p : A-MðDÞ is a -homomorphism, there is a sequence of unitaries
fUngDMðDÞ such that limn-N Unðj"pÞðaÞUn ¼ jðaÞ for all aAA:
See Theorem 2.5 of [Th1] for alternative characterizations of absorbing -
homomorphisms which we shall use quite freely. By Theorem 2.7 of [Th1] there
always exists an absorbing -homomorphism.
Lemma 2.1. Let A; D be separable C-algebras, D stable and BDA a C-subalgebra of
A: Assume that there is a sequence of completely positive contractions Rn :A-B such
that limn RnðbÞ ¼ b; bAB: If p : A-MðDÞ is an absorbing -homomorphism, then
pjB : B-MðDÞ is an absorbing -homomorphism.
Proof. By Theorem 2.5 of [Th1] we must show that the unitization
ðpjBÞþ : Bþ-MðDÞ of pjB is unitally absorbing. We check that condition (1) of
Theorem 2.1 of [Th1] is satisﬁed. Consider therefore a completely positive
contraction j : Bþ-D: Then j3Rþk : A
þ-D is also a completely positive contraction
and since pþ : Aþ-MðDÞ is unitally absorbing, we know that there is a sequence
fW kn gDMðDÞ such that limn-Njjj3Rþk ðaÞ 	 W kn pþðaÞW kn jj ¼ 0 for all aAAþ and
limn-NjjW kn djj ¼ 0 for all dAD: Since limk-NRþk ðbÞ ¼ b for all bABþDAþ; it
follows that also ðpjBÞþ ¼ pþjBþ satisﬁes condition (1). &
Lemma 2.2. Let A; D be separable C-algebras, D stable and BDA a C-subalgebra of
A: Assume that B is nuclear. If p : A-MðDÞ is an absorbing -homomorphism, then
pjB : B-MðDÞ is an absorbing -homomorphism.
Proof. Since B is nuclear there are sequences Sn :B-Fn; Tn : Fn-B; nAN; of
completely positive contractions, where the Fn’s are ﬁnite-dimensional C
-algebras,
such that limn-N Tn3SnðbÞ ¼ b for all bAB: By Arveson’s extension theorem [A1],
there is for each n a completely positive contraction, Vn : A-Fn; extending Sn: Set
Rn ¼ Tn3Vn and apply Lemma 2.1. &
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Assume now that A1; A2; B are separable, and that there are embeddings
ik : B-Ak; k ¼ 1; 2: Let jk :Ak-A1 B A2; k ¼ 1; 2; be the canonical maps, and
assume that B is ﬁnite dimensional. There is then an absorbing -homomorphism
a : A1 B A2-MðDÞ such that a3jk and a3jk 3 ik; k ¼ 1; 2; are all absorbing. Indeed,
since B is ﬁnite dimensional there are surjective conditional expectations
Pk : Ak-B; k ¼ 1; 2; and it follows from [Bo] that P1 and P2 give rise to the
conditional expectations idA1 B P2 : A1 B A2-A1 and P1 B idA2 : A1 B A2-A2:
By Lemma 2.1, any absorbing -homomorphism a : A1 B A2-MðDÞ will then have
the desired property, and a exists by Theorem 2.7 of [Th1]. This a will be ﬁxed
throughout this section. To simplify notation we set ak ¼ a 3 jk; k ¼ 1; 2: Set
Ak ¼ fxAMðDÞ : xakðaÞ 	 akðaÞxAD; aAAkg;
A ¼ fxAMðDÞ : xa1 3 i1ðbÞ 	 a1 3 i1ðbÞxAD; bABg:
Obviously, AkDA; k ¼ 1; 2: By Theorem 3.2 of [Th1] and Lemma 3.1 of [Th2] we
can make the following identiﬁcations:
KKðAk; DÞ ¼ K1ðAkÞ; k ¼ 1; 2;
KKðB; DÞ ¼ K1ðAÞ:
Lemma 2.3. Set A0 ¼ fxAMðDÞ : xa1 3 i1ðbÞ ¼ a1 3 i1ðbÞx; bABg: Then A ¼
A0 þ D:
Proof. Let xAA: Since a1 3 i1ðBÞ is ﬁnite dimensional, say CMn1ðCÞ"
Mn2ðCÞ"?"MnN ðCÞ; we can choose a set of matrix units, fedij : i; j ¼
1; 2;y; nd ; d ¼ 1; 2;y; Ng; which span a1 3 i1ðBÞ: Let q ¼
PN
d¼1
Pnd
i¼1 e
d
ii be the
unit in a1 3 i1ðBÞ; and deﬁne R : MðDÞ-MðDÞ-ða1 3 i1ðBÞÞ0 by
RðxÞ ¼ ð1	 qÞxð1	 qÞ þ
XN
d¼1
Xnd
i¼1
edi1xe
d
1i:
Then RðxÞAx þ D because x commutes with all the matrix units, modulo D: Since
RðxÞAA0 this shows thatADA0 þ D: The reversed inclusion is trivial, so the proof
is complete. &
In the following, when given a -homomorphism j : E-F between C-algebras, we
will denote the -homomorphism E-MnðFÞ; given by
E{e/diagðjðeÞ;jðeÞ;y;jðeÞÞ;
by ½1n#j: Let qD : MðDÞ-QðDÞ ¼ MðDÞ=D be the quotient map. We deﬁne a map
r : KKðB; DÞ-Ext	1ðA1 B A2; DÞ in the following way. Let u be a unitary in MnðAÞ
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for some n: Then u½1n#a1 3 i1ðbÞu 	 ½1n#a2 3 i2ðbÞAMnðDÞ for all bAB; so
rðuÞ ¼ ðqMnðDÞ 3Ad u 3 ½1n#a1Þ B ðqMnðDÞ 3 ½1n#a2Þ
is a well-deﬁned extension, rðuÞ : A1 B A2-QðMnðDÞÞCQðDÞ:
Lemma 2.4. rðuÞ is an invertible extension. In fact, rðuÞ
rðuÞ
 
is a split
extension.
Proof. Note that
u
u
 
is in the connected component of 1 in the unitary group
of M2nðAÞ: It follows therefore from Lemma 2.3 that there is a unitary wAM2nðA0Þ
such that
u
u
 
¼ w modulo MnðDÞ: Then
rðuÞ
rðuÞ
 !
¼ ðqM2nðDÞ 3Ad w 3 ½12n#a1Þ B ðqM2nðDÞ 3 ½12n#a2Þ ¼ qM2nðDÞ 3 j;
where j ¼ ðAd w 3 ½12n#a1Þ B ½12n#a2: &
Remark 2.5. It is the last lemma which is the stumbling block preventing us from
proving our results in higher generality in KK-theory. It may be that the lemma
holds more generally, but it is not obvious. I am grateful to Eberhard Kirchberg for
pointing out a mistake in my original approach to this lemma.
Given Lemma 2.4 it is clear that the construction gives us a homomorphism
r : KKðB; DÞ-Ext	1ðA1 B A2; DÞ:
Lemma 2.6.
KKðA1; DÞ"KKðA2; DÞ !i1	i2 KKðB; DÞ!r Ext	1ðA1 B A2; DÞ
k; ð j1 ; j2Þ
Ext	1ðB; DÞ ’
i
1
	i
2
Ext	1ðA1; DÞ"Ext	1ðA2; DÞ
is exact.
Proof. Exactness at KKðB; DÞ: Consider unitaries vkAMnðAkÞ: Then
ðqMnðDÞ 3Ad v2v1 3 ½1n#a1Þ B ðqMnðDÞ 3 ½1n#a2Þ
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is unitarily equivalent to
ðqMnðDÞ 3Ad v1 3 ½1n#a1Þ B ðqMnðDÞ 3Ad v2 3 ½1n#a2Þ
¼ ðqMnðDÞ 3 ½1n#a1Þ B ðqMnðDÞ 3 ½1n#a2Þ ¼ qMnðDÞ 3 ½1n#a;
which is a split extension. This shows that r 3 ði1 	 i2Þ ¼ 0: Consider then a unitary
uAMnðAÞ and assume that ½rðuÞ ¼ 0 in Ext	1ðA1 B A2; DÞ: Since a is absorbing
this implies that
Ad qMnþ1ðDÞðWÞ 3
rðuÞ
qD 3 a
 !
¼ qMnðDÞ 3 ½1n#a
qD 3 a
 !
for some unitary WAMnþ1ðMðDÞÞ: Alternatively,
Ad qMnþ1ðDÞðWÞ 3
qMnðDÞ 3Ad u 3 ½1n#a1
qD 3 a1
 !
¼ qMnðDÞ 3 ½1n#a1
qD 3 a1
 !
and
Ad qMnþ1ðDÞðWÞ 3
qMnðDÞ 3 ½1n#a2
qD 3 a2
 !
¼ qMnðDÞ 3 ½1n#a2
qD 3 a2
 !
:
Hence, W  and W u
1
 
are unitaries in Mnþ1ðA2Þ and Mnþ1ðA1Þ; respectively,
and since the product of their images in Mnþ1ðAÞ is u 1
 
; we conclude that ½u is
in the range of i1 	 i2:
Exactness at Ext	1ðA1 B A2; DÞ: It is obvious that the composition ð j1 ; j2Þ 3 r is
zero, so consider an extension—a priori not necessarily invertible—j : A1 B
A2-QðDÞ with the property that j 3 jk; k ¼ 1; 2; are both split. Since ak is
absorbing, there are unitaries SkAM2ðMðDÞÞ such that
Ad qM2ðDÞðSkÞ 3
j 3 jk
qD 3 ak
 !
¼ qD 3 ak
qD 3 ak
 !
;
k ¼ 1; 2: It follows that S2S1AM2ðAÞ and that
j
qD 3 a
 
is unitarily equivalent
to ðAd qM2ðDÞðS2S1Þ 3 ½12#a1Þ B ½12#a2 which is clearly in the range of r: In
particular, j is invertible afterall, and we have exactness at Ext	1ðA1 B A2; DÞ:
Exactness at Ext	1ðA1; DÞ"Ext	1ðA2; DÞ: It is trivial that ði1 	 i2Þ 3 ð j1 ; j2Þ ¼ 0;
so consider a pair of invertible extensions jk : Ak-QðDÞ; k ¼ 1; 2; with the property
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that i1½j1 ¼ i2½j2: There is then a unitary SAM2ðMðDÞÞ such that
Ad qM2ðDÞðSÞ 3
j1 3 i1
qD 3 a1 3 i1
 !
¼ j2 3 i2
qD 3 a2 3 i2
 !
:
After adding qD 3 ak to jk we may assume that j1 3 i1 ¼ j2 3 i2: Similarly, if
ck : Ak-QðDÞ represents the inverse of jk in Ext	1ðAk; DÞ; k ¼ 1; 2; we may
assume that c1 3 i1 ¼ c2 3 i2: We can then consider the two extensions j1 B
j2; c1 B c2 : A1 B A2-QðDÞ whose sum m ¼ ðj1 B j2Þ"ðc1 B c2Þ has the
property that m 3 jk : Ak-QðDÞ; k ¼ 1; 2; both split. By the arguments in the last
paragraph, we conclude that m and hence also j1 B j2 is an invertible extension.
Since jk ¼ ðj1 B j2Þ 3 jk; k ¼ 1; 2; the proof is complete. &
Theorem 2.7. Let A1; A2; B be separable C
-algebras. Assume that ik : B-Ak;
k ¼ 1; 2; are embeddings, and that B is finite dimensional. Let jk : Ak-A1 B A2;
k ¼ 1; 2; be the canonical maps. For any separable C-algebra D there are six terms
exact sequences
and
Proof. Let G : C-SðA1 B A2Þ ¼ C0ð0; 1Þ#ðA1 B A2Þ be Germain’s -homo-
morphism, cf. [G3], where
C ¼ fðb; g1; g2Þ : giAC0ð0; 1#Ai; i ¼ 1; 2; bAB; g1ð1Þ ¼ i1ðbÞ; g2ð1Þ ¼ i2ðbÞg
is the mapping cone for the embedding B{b/ði1ðbÞ; i2ðbÞÞAA1"A2: G is given by
Gðb; g1; g2ÞðtÞ ¼
j1ðg1ð2tÞÞ; tAð0; 12;
j2ðg2ð2	 2tÞÞ; tA½12; 1Þ:
(
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Putting the sequence from Lemma 2.6 together with the Puppe exact sequence of
Cuntz and Skandalis, cf. Theorem 1 of [CS], we get the diagram
where i : SA1"SA2-C is given by iðg1; g2Þ ¼ ð0; g1; g2Þ; and p : C-B by
pðb; g1; g2Þ ¼ b: We have here suppressed the natural identiﬁcation KKðS	; DÞ ¼
Ext	1ð	; DÞ: We claim that the above diagram commutes. This is trivial for the ﬁrst
and last square, and for the third square from the top it follows because G 3 i is
homotopic to ððSj1Þ; ð	Sj2ÞÞ: To handle the second square from the top, note that
this square can also be realized as
where m : KKðB; DÞ-Ext	1ðB; SDÞ is deﬁned as follows: Realize an element of
KKðB; DÞ as a pair ðu; aÞ; where uAMðDÞ is a unitary which satisﬁes that
ua1 3 i1ðbÞ 	 a1 3 i1ðbÞuAD for all bAB: Deﬁne *m : B-MðSDÞ such that
*mðbÞ f ðtÞ ¼ ½ta1 3 i1ðbÞ þ ð1	 tÞua1 3 i1ðbÞu f ðtÞ;
fASD ¼ C0ð0; 1Þ#D: Then m½u; a ¼ ½qSD 3 *m; where qSD : MðSDÞ-QðSDÞ is the
quotient map. To prove commutativity of the diagram we must show that
qSD 3 *m 3 p : C-QðSDÞ deﬁnes the same element of Ext	1ðC; SDÞ as G 3 S 3 r½u; a:
For each lA0; 1
2
; G is homotopic to the -homomorphism Gl : C-SðA1 B A2Þ
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given by
Glðb; g1; g2ÞðtÞ ¼
j1ðg1ðtlÞÞ; tAð0; l;
j1 3 i1ðbÞ; tA½l; 1	 l;
j2ðg2ð1	tl ÞÞ; tA½1	 l; 1Þ:
8><
>:
It follows therefore that G 3 S 3 r½u; aAExt	1ðC; SDÞ is represented by qSD 3Fl for
any lAð0; 1
2
; where Fl : C-MðSDÞ is given by
Flðb; g1; g2Þ f ðtÞ ¼
ua1ðg1ðtlÞÞuf ðtÞ; tAð0; l;
½ t	l
1	2l ua1 3 i1ðbÞu þ 1	l	t1	2l a1 3 i1ðbÞ f ðtÞ; tA½l; 1	 l;
a2ðg2ð1	tl ÞÞ f ðtÞ; tA½1	 l; 1Þ;
8><
>:
fASD: Note that liml-0 Flðb; g1; g2Þ ¼ *mðbÞ in the strict topology and that
lim
l-0
Flðb; g1; g2ÞFlðb0; g01; g02Þ 	 Flðbb0; g1g01; g2g02Þ ¼ *mðbÞ *mðb0Þ 	 *mðbb0Þ
in the norm topology of SD for all ðb; g1; g2Þ; ðb0; g01; g02ÞAC: It follows that
G 3 S 3 r½u; a is homotopic (through invertible extensions) to qSD 3 *m 3 p; from which
the desired conclusion follows.
Having established the commutativity of the diagram it follows immediately from
the ﬁve lemmas that G : KKðSðA1 B A2Þ; DÞ-KKðC; DÞ is an isomorphism. Since
D is arbitrary here, standard KK-theory arguments show that G is invertible in KK-
theory. As pointed out by Germain in [G3], this completes the proof. &
The crucial Lemma 2.6 in this section is in some sense merely an updated version
of the result in [Br]. Brown’s result contains also the statement that ExtðA1 B A2Þ is
a group when ExtðAkÞ; k ¼ 1; 2; are groups. This part of Brown’s result can now be
improved as follows.
Proposition 2.8. Let A1; A2; B; D be separable C
-algebras, D stable and B finite
dimensional. Assume that ik : B-Ak; k ¼ 1; 2; are embeddings, and that ExtðAk; DÞ;
k ¼ 1; 2; are both groups.
It follows that also ExtðA1 B A2; DÞ is a group.
Proof. It follows from the proof of Lemma 2.6 that every extension of A1 B A2 by D
is invertible. &
3. On absorbing -homomorphisms and asymptotic homomorphisms
Throughout the rest of the paper A1; A2; B; D are separable C
-algebras with D
stable, and ik : B-Ak; k ¼ 1; 2; are embeddings. In the following, we shall consider
the suspensions SA1; SA2; SB; SðA1 B A2Þ and the cones coneðA1Þ; coneðA2Þ; coneðBÞ;
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coneðA1 B A2Þ: The embeddings ik : B-Ak; and the canonical maps jk :Ak-A1 B
A2; k ¼ 1; 2; induce maps between some of these algebras (e.g. SB-coneðAkÞ) in a
natural way, and in order to avoid too heavy notation we shall denote a map induced
by ik or jk by ik or jk again. It will always be clear from the context which domain and
target is meant.
Lemma 3.1. Assume that B is nuclear, or that there are surjective conditional
expectations Pk : Ak-ikðBÞ; k ¼ 1; 2: Let a : coneðA1 B A2Þ-MðDÞ be an absorbing
-homomorphism. It follows that also a 3 j1 3 i1 : coneðBÞ-MðDÞ is absorbing.
Proof. This follows from Lemma 2.2 when B is nuclear. When there are conditional
expectations Pk : Ak-ikðBÞ; k ¼ 1; 2; it follows from Boca’s result in [Bo] that there
is a surjective conditional expectation P1 B P2 : A1 B A2-j1 3 i1ðBÞ; and then also a
surjective conditional expectation coneðA1 B A2Þ-coneð j1 3 i1ðBÞÞ: The assump-
tion in [Bo] about A1; A2 and B sharing a common unit is met by adding units and
using that Aþ1 Bþ Aþ2 ¼ ðA1 B A2Þþ: Hence, the desired property follows from
Lemma 2.1. &
The relevance of the last lemma comes from some results from [Th2] which we
now describe. Let A and D be any pair of separable C-algebras, D stable. By
Theorem 2.6 of [Th2], there is an absorbing and saturated -homomorphism
p : coneðAÞ-MðDÞ; and a norm-continuous path, pt; tA½0;NÞ; in MðDÞ such that
(1) 0pptp1; tA½0;NÞ;
(2) ptpðconeðAÞÞDD; tA½0;NÞ;
(3) ðp2t 	 ptÞpðconeðAÞÞ ¼ f0g; tA½0;NÞ;
(4) limt-N ptd ¼ d; dAD;
(5) limt-N jjptpðaÞ 	 pðaÞptjj ¼ 0; aAconeðAÞ:
It follows that
ltðaÞ ¼ ptpðaÞpt ð3:1Þ
is a completely positive asymptotic homomorphism l ¼ ðltÞtA½1;NÞ : coneðAÞ-D:
By Theorem 4.1 of [Th2], this asymptotic homomorphism has the following
property, reminiscent of the notion of an absorbing homomorphism: When two
completely positive asymptotic homomorphisms j;c : SA-D are homotopic (i.e.
agree in ½½SA; Dcp), there is an increasing continuous function r : ½1;NÞ-½1;NÞ
with limt-N rðtÞ ¼N and a norm-continuous path St; tA½1;NÞ; of unitaries in
M2ðDÞþ such that
lim
t-N
St
jtðaÞ
lrðtÞðaÞ
 !
St 	
ctðaÞ
lrðtÞðaÞ
 !
¼ 0
for all aASA: It is important to observe that l has this property whenever it is
deﬁned via Eq. (3.1) from a pair ðp; pÞ; where p is absorbing and saturated, and
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p ¼ ðptÞtA½0;NÞ is a path of elements in MðDÞ satisfying (1)–(5) relative to p;
cf. Theorem 4.1 of [Th2].
Lemma 3.2. Assume that B is nuclear, or that there are surjective conditional
expectations Pk : Ak-ikðBÞ; k ¼ 1; 2: For any pair of asymptotic homomorphisms j ¼
ðjtÞtA½1;NÞ;c ¼ ðctÞtA½1;NÞ : coneðBÞ-D; there is an asymptotic homomorphism
m : coneðA1 B A2Þ-D and a norm-continuous path of unitaries fWtgtA½1;NÞ in
M2ðDÞþ such that
lim
t-N
Wt
jtðbÞ
mt 3 j1 3 i1ðbÞ
 !
W t 	
ctðbÞ
mt 3 j1 3 i1ðbÞ
 !
¼ 0 ð3:2Þ
for all bAconeðBÞ:
Proof. j and c deﬁne -homomorphisms *j; *c : coneðBÞ-Cbð½1;NÞ; DÞ=
C0ð½1;NÞ; DÞ in the obvious way. Since coneðBÞ is separable there is a separable
C-subalgebra D0DCbð½1;NÞ; DÞ=C0ð½1;NÞ; DÞ such that *jðconeðBÞÞ,
*cðconeðBÞÞDD0: By Lemma 4.2 of [Th2] we may assume that D0 is stable. Deﬁne
p : coneðBÞ-coneðBÞ and s : coneðBÞ-SBDconeðBÞ by pð f ÞðtÞ ¼ f ðt
2
Þ and
sð f ÞðtÞ ¼ f ð2tÞ; tA½0;
1
2;
f ð2	 2tÞ; tA½1
2
; 1;
(
ð3:3Þ
respectively. Let p : coneðA1 B A2Þ-MðD0Þ be an absorbing and saturated
-homomorphism, and ðptÞtA½0;NÞDMðD0Þ a path such that (1)–(5) hold. Set ltðaÞ ¼
ptpðaÞpt; tA½1;NÞ; aAconeðA1 B A2Þ: Note that p 3 j1 3 i1 : coneðBÞ-D0 is absorb-
ing by Lemma 3.1 and that it is saturated since p is. It follows therefore from
Theorem 4.1 of [Th2], as explained before the lemma, that there is a norm-
continuous path of unitaries, St; tA½1;NÞ; in M2ðD0Þþ and an increasing continuous
function r : ½1;NÞ -½1;NÞ with limt-N rðtÞ ¼N such that
lim
t-N
St
*j 3 pðbÞ
lrðtÞ 3 j1 3 i1ðbÞ
 !
St 	
*c 3 pðbÞ
lrðtÞ 3 j1 3 i1ðbÞ
 !
¼ 0 ð3:4Þ
for all bASB: Deﬁne s0 : coneðA1 B A2Þ-coneðA1 B A2Þ by the same formula that
deﬁned s; cf. (3.3). Then j1 3 i1 3 s ¼ s0 3 j1 3 i1: Since p 3 s ¼ idconeðBÞ; and s takes values
in SB; it follows from (3.4) that
lim
t-N
St
*jðbÞ
l0rðtÞ 3 j1 3 i1ðbÞ
 !
St 	
*cðbÞ
l0rðtÞ 3 j1 3 i1ðbÞ
 !
¼ 0 ð3:5Þ
for all bAconeðBÞ; where l0t ¼ lt 3 s0: Let q :Cbð½1;NÞ; DÞ-Cbð½1;NÞ; DÞ=
C0ð½1;NÞ; DÞ be the quotient map, and deﬁne *l : coneðA1 B A2Þ-Cbð½1;NÞ; D0Þ
ARTICLE IN PRESS
K. Thomsen / Journal of Functional Analysis 201 (2003) 30–5640
by
*lðxÞðtÞ ¼ l0rðtÞðxÞ:
Let w : Cbð½1;NÞ; D0Þ-Cbð½1;NÞ; q	1ðD0ÞÞ be a continuous right-inverse for the
surjective -homomorphism Cbð½1;NÞ; q	1ðD0ÞÞ-Cbð½1;NÞ; D0Þ induced by q: w
exists by the Bartle–Graves selection theorem. Set
mðt; sÞðxÞ ¼ ðwð*lðxÞÞðtÞÞðsÞ:
By Lemma 3.3, there is a continuous path Tt; tA½1;NÞ; of unitaries in
Cbð½1;NÞ; M2ðDÞÞþ such that ðidM2#qÞþðTtÞ ¼ St for all t: It follows from (3.5)
that
lim
t-N
lim sup
s-N
TtðsÞ
jsðbÞ
mðt; sÞ 3 j1 3 i1ðbÞ
 !
TtðsÞ


	 csðbÞ
mðt; sÞ 3 j1 3 i1ðbÞ
 !
 ¼ 0 ð3:6Þ
for all bAconeðBÞ: Since the family of maps mðt; sÞ : coneðA1 B A2Þ-D is
equicontinuous and coneðA1 B A2Þ is separable, it follows that m0t ¼
mðt; vðtÞÞ : coneðA1 B A2Þ-D; tA½1;NÞ; is an asymptotic homomorphism whenever
v : ½1;NÞ-½1;NÞ is a continuous function which tends to inﬁnity sufﬁciently fast as
t-N: In particular, we may assume that v is invertible. It follows from (3.6) that
lim
t-N
W 0t
jvðtÞðbÞ
m0t 3 j1 3 i1ðbÞ
 !
W 0t 	
cvðtÞðbÞ
m0t 3 j1 3 i1ðbÞ
 !
¼ 0 ð3:7Þ
for all bAconeðBÞ if we let v increase fast enough and set W 0t ¼ TtðvðtÞÞ: The proof is
then completed by taking Wt ¼ W 0v	1ðtÞ and mt ¼ m0v	1ðtÞ: &
In the preceding proof we used the following lemma.
Lemma 3.3. Let q : Cbð½1;NÞ; DÞ-Cbð½1;NÞ; DÞ=C0ð½1;NÞ; DÞ be the quotient map
and St; tA½1;NÞ; a norm-continuous path of unitaries in
½Cbð½1;NÞ; DÞ=C0ð½1;NÞ; DÞþ:
It follows that there is a norm-continuous path Tt; tA½1;NÞ; of unitaries in
Cbð½1;NÞ; DÞþ such that qþðTtÞ ¼ St for all tA½1;NÞ:
Proof. By the Bartle–Graves selection theorem there is a norm-continuous section
w : ½Cbð½1;NÞ; DÞ=C0ð½1;NÞ; DÞþ-Cbð½1;NÞ; DÞþ for qþ: For each nAN there is
an NnA½1;NÞ such that jjwðStÞðxÞwðStÞðxÞ 	 1jjo1; jjwðStÞðxÞwðStÞðxÞ 	 1jjo1 for
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all xXNn; tA½1; n: Deﬁne Tn : ½1; n  ½1;NÞ-Dþ by
Tnðt; xÞ ¼
½wðStÞðNnÞwðStÞðNnÞ	1=2wðStÞðNnÞ; xA½1; Nn;
½wðStÞðxÞwðStÞðxÞ	1=2wðStÞðxÞ; xXNn:
(
To construct fTtgtA½1;NÞ; set TtðxÞ ¼ T2ðt; xÞ; tA½1; 2: Assume then that we
have constructed Tt; tA½1; n; such that qþðTtÞ ¼ St; tA½1; n: Set TtðxÞ ¼
TnðxÞTnþ1ðn; xÞTnþ1ðt; xÞ; tA½n; n þ 1; xA½1;NÞ: Then Tt depends continuously
on t and qþðTtÞ ¼ St for all tA½1; n þ 1 because limx-N TnðxÞTnðn; xÞ ¼ 1: Proceed
by induction. &
4. An appropriate picture of the E-theory groups
Let A; D be separable C-algebras, D stable. In this section, an E-pair for ðA; DÞ
will be a pair ðW ;jÞ; where j : coneðAÞ-D is an asymptotic homomorphism and
W ¼ fWtgtA½1;NÞ is a strictly continuous path of unitaries in MðDÞ such that
lim
t-N
jjWtjtðaÞ 	 jtðaÞWtjj ¼ 0 ð4:1Þ
for all aASA: The pair ðW ;jÞ is degenerate when (4.1) holds for all aAconeðAÞ: We
let X0ðA; DÞ denote the set of homotopy classes of E-pairs, where a homotopy is
given by an E-pair for ðA; C½0; 1#DÞ: The direct sum of E-pairs, performed with
the aid of any pair V1; V2 of isometries in MðDÞ such that V1V2 ¼ 0 and V1V 1 þ
V2V

2 ¼ 1; makes obviously X0ðA; DÞ into an abelian semi-group. The subsemi-
group of X0ðA; DÞ consisting of the elements of X0ðA; DÞ that can be represented by
a degenerate E-pair will be denoted by X00ðA; DÞ: The quotient semi-group
XðA; DÞ ¼ X0ðA; DÞ=X00ðA; DÞ is then an abelian group; a standard rotation
argument shows that ðW ;jÞ"ðW ;jÞ is homotopic to the degenerate E-pair
ð1;jÞ"ð1;jÞ: We want to construct an isomorphism
k : X ðA; DÞ-½½S2A; D:
Given an E-pair ðW ;jÞ we can deﬁne an asymptotic homomorphism
W#j : CðTÞ#SA-D such that
lim
t-N
ðW#jÞtðg#f Þ 	 gðWtÞjtð f Þ ¼ 0 ð4:2Þ
for all gACðTÞ; fASA: It is easy to see that the class ½W#j of W#j in
½½CðTÞ#SA; D only depends on the class of ½W ;j of ðW ;jÞ in X ðA; DÞ: We can
therefore deﬁne k by k½W ;j ¼ i½W#j; where i : S2A-CðTÞ#SA is the
canonical embedding.
To show that k is an isomorphism, we need two lemmas.
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Lemma 4.1. Let j : CðTÞ#A-D be an asymptotic homomorphism. There is then a
strictly continuous path W ¼ fWtgtA½1;NÞ of unitaries in M2ðMðDÞÞ such that
lim
t-N
gðWtÞ
jtð1CðTÞ#aÞ
0
 !
	 jtðg#aÞ
0
 !
¼ 0
for all gACðTÞ; aAA:
Proof. Let j1 : CðTÞ#A-Cbð½1;NÞ; DÞ=C0ð½1;NÞ; DÞ be the -homomorphism
deﬁned from j in the usual way. Set H ¼ j1ðCðTÞ#AÞ; and H0 ¼
q	1ðHÞDCbð½1;NÞ; DÞ; where q : Cbð½1;NÞ; DÞ-Cbð½1;NÞ; DÞ=C0ð½1;NÞ; DÞ is
the quotient map. Since j1 and q extend to surjections j1 : MðCðTÞ#AÞ-MðHÞ
and %q : MðH0Þ-MðHÞ; we can ﬁnd a unitary lift WAM2ðMðH0ÞÞ of
j1ðzÞ
j1ðzÞ
 
; where zAMðCðTÞ#AÞ is the element given by the identity
function on T: Since MðM2ðH0ÞÞDMðM2ðC0ð½1;NÞ; DÞÞÞ; W is given by a strictly
continuous path of unitaries in M2ðMðDÞÞ with the desired property. &
Let c : SA-CðTÞ#SA be the -homomorphism cð f Þ ¼ 1CðTÞ#f :
Lemma 4.2. Let c :CðTÞ#SA-D be an asymptotic homomorphism such that
c½c ¼ 0 in ½½SA; D: It follows that there are asymptotic homomorphisms
c00 : CðTÞ#coneðAÞ-D; c0 : coneðAÞ-D and a strictly continuous path
fWtgtA½1;NÞ of unitaries in MðDÞ such that
lim
t-N
½ct"c00t ðg#f Þ 	 gðWtÞc0tð f Þ ¼ 0
for all gACðTÞ; fASA:
Proof. Since c½c ¼ 0 it follows from Theorem 4.4 of [Th2] that there is an
asymptotic homomorphism n : coneðAÞ-D and a normcontinuous path of unitaries
fUtgtA½1;NÞDM2ðDÞþ such that
lim
t-N
Ut
ctð1CðTÞ#f Þ
ntð f Þ
 !
Ut 	
0
ntð f Þ
 !
¼ 0
for all fASA: Let ev : CðTÞ#SA-SA be the -homomorphism obtained by
evaluation at some point in T: It follows from Lemma 4.1 that there is a strictly
continuous path fWtgtA½1;NÞ of unitaries in MðDÞ such that
lim
t-N
gðWtÞðct"ðnt 3 evÞ"0Þð1CðTÞ#f Þ 	 ðct"ðnt 3 evÞ"0Þðg#f Þ ¼ 0;
gACðTÞ; fASA: Set c00 ¼ ðn 3 evÞ"0 and c0 ¼ Ad ðU"1Þ 3 ð0"n"0Þ: &
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To use these two lemmas to deﬁne a map d : ½½S2A; D-XðA; DÞ; which will be the
inverse of k; we remind the reader that ½½S	; D ¼ EðS	; DÞ; cf. [DL]. In particular,
the contravariant functor ½½S	; D is split-exact, and this will be used now.
Let c : S2A-D be an asymptotic homomorphism. There is then an asymptotic
homomorphism j : CðTÞ#SA-D such that c½j ¼ 0 and ½c ¼ ½j 3 i in ½½S2A; B:
Subject to these conditions the class of j in ½½CðTÞ#SA; D is determined by
½cA½½S2A; D: Since c½j ¼ 0; Lemma 4.2 gives us asymptotic homomorphisms
j00 : CðTÞ#coneðAÞ-D; j0 : coneðAÞ-D and a strictly continuous path
fWtgtA½1;NÞ; of unitaries in MðDÞ such that
lim
t-N
½jt"j00t ðg#f Þ 	 gðWtÞj0tð f Þ ¼ 0 ð4:3Þ
for all gACðTÞ; fASA: Then ðW ;j0Þ is an E-pair and we claim that we can deﬁne
d such that d½c ¼ ½W ;j0: To see this, the only non-trivial point is to show that
the class of ðW ;j0Þ is independent of the choices made. So assume that
l00 :CðTÞ#coneðAÞ-D; l0 : coneðAÞ-D are asymptotic homomorphisms and
fStgtA½1;NÞ a strictly continuous path of unitaries in MðDÞ such that
lim
t-N
½jt"l00t ðg#f Þ 	 gðStÞl0tð f Þ ¼ 0
for all gACðTÞ; fASA: By Lemma 4.1, there are strictly continuous paths,
fYtgtA½1;NÞ; fXtgtA½1;NÞ of unitaries in MðDÞ such that
lim
t-N
gðYtÞV1j00t ð1CðTÞ#f ÞV1 	 V1j00t ðg#f ÞV 1 ¼ 0;
lim
t-N
gðXtÞV1l00t ð1CðTÞ#f ÞV 1 	 V1l00t ðg#f ÞV1 ¼ 0
for all gACðTÞ; fAconeðAÞ: Since ðY ;Ad V1 3 j00 3 cÞ and ðX ;Ad V1 3 l00 3 cÞ are
degenerate E-pairs,
½W ;j0 ¼ ½W ;j0 þ ½X ;Ad V1 3 l00 3 c ¼ ½W"X ;j0"ðAd V1 3 l00 3 cÞ
and
½S; l0 ¼ ½S; l0 þ ½Y ;Ad V1 3 j00 3 c ¼ ½S"Y ; l0"ðAd V1 3 j00 3 cÞ
in X ðA; DÞ: Note that
lim
t-N
gðWt"XtÞðj0t"Ad V1 3 l00t 3 cÞð f Þ 	 ðjt"j00t"Ad V1 3 l00t Þðg#f Þ ¼ 0
and
lim
t-N
gðSt"YtÞðl0t"Ad V1 3 j00t 3 cÞð f Þ 	 ðjt"l00t"Ad V1 3 j00t Þðg#f Þ ¼ 0
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for all gACðTÞ; fASA: Since there is a unitary UAMðDÞ such that
Ad U 3 ðjt"l00t"Ad V1 3 j00t Þ ¼ jt"j00t"Ad V1 3 l00t ;
for all t; we see that ½W ;j0 ¼ ½W 1;j1 and ½S; l0 ¼ ½W 2;j2 in XðA; DÞ; where the
E-pairs ðW 1;j1Þ and ðW 2;j2Þ have the property that
lim
t-N
gðW 1t Þj1t ð f Þ 	 gðW 2t Þj2t ð f Þ ¼ 0
for all gACðTÞ; fASA: In particular, limt-N j1t ð f Þ 	 j2t ð f Þ ¼ 0 for all fASA; so a
standard rotation argument shows that ðW 1"W 2;j1"j2Þ is homotopic to
ðW 2W 1"1;j1"j2Þ: This shows that ½W 1;j1 	 ½W 2;j2AXðA; DÞ is represented
by an E-pair ðV ; mÞ where limt-N gðVtÞmtð f Þ 	 gð1Þmtð f Þ ¼ 0 for all gACðTÞ;
fASA: By another rotation we ﬁnd that ½V ; m þ ½1; 0 ¼ ½V ; 0 þ ½1; m ¼ 0 in
XðA; DÞ: Hence ½W ;j0 ¼ ½S; l0; and we conclude that d is well-deﬁned.
Theorem 4.3. k : X ðA; DÞ-½½S2A; D is an isomorphism with inverse d:
Proof. We check that the previous constructions are the inverses of each other. Let
ðW ;jÞ be an E-pair. Then d 3 k½W ;j ¼ dði½W#jÞ: By comparing (4.2) with (4.3)
we see that
dði½W#jÞ ¼ ½V1WV 1 þ V2V2 ;Ad V1 3 j ¼ ½W ;j þ ½1; 0 ¼ ½W ;j
in X ðA; DÞ: Similarly, when j : S2A-D is an asymptotic homomorphism, d½j ¼
½W ;j0; where W and j0 ﬁt into (4.3). Hence, k 3 d½j ¼ ½j þ ½j00jS2A ¼ ½j in
½½S2A; D: &
5. coneðA1Þ SB coneðA2Þ is equivalent to B in E-theory
In order to have the conclusion from Lemma 3.2 at our disposal, we shall now
assume that B is nuclear or that there are surjective conditional expectations
Pk : Ak-ikðBÞ; k ¼ 1; 2: To streamline the presentation, we will in the following
write mBEn; when m; n : E-F are asymptotic homomorphisms between C-algebras
that asymptotically agree, i.e. satisfy that limt-N mtðeÞ 	 ntðeÞ ¼ 0 for all eAE:
Let m : A1-D; n : A2-D be asymptotic homomorphisms such that m 3 i1BBn 3 i2:
When we deﬁne the -homomorphisms *m : A1-Cbð½1;NÞ; DÞ=C0ð½1;NÞ; DÞ and
*n : A2-Cbð½1;NÞ; DÞ=C0ð½1;NÞ; DÞ from m and n; we get the identity *m 3 i1 ¼ *n 3 i2
between -homomorphisms and hence *m B *n is deﬁned. It follows that there is an
equicontinuous asymptotic homomorphism, the amalgamated free product, m B
n : A1 B A2-D; of m and n; determined by the conditions that ðm B nÞ 3 j1BA1m and
ðm B nÞ 3 j2BA2n: We are going to use this construction to deﬁne a map
r : XðB; DÞ-½½coneðA1Þ SB coneðA2Þ; D:
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Consider an E-pair ðW ;jÞ: It follows from Lemma 3.2 that there are asymptotic
homomorphisms mk; nk : coneðAkÞ-D; k ¼ 1; 2; such that m1 3 i1 ¼ m2 3 i2; n1 3 i1 ¼
n2 3 i2; and
j"ðm1 3 i1ÞBconeðBÞn1 3 i1: ð5:1Þ
Then limt-N AdðWt"1Þ 3 n1t 3 i1ðbÞ 	 n2t 3 i2ðbÞ ¼ 0 for all bASB; i.e.
AdðW"1Þ 3 n1 3 i1BSBn2 3 i2; and we can therefore consider the amalgamated free
product ðAdðW"1Þ 3 n1Þ SB n2 : coneðA1Þ SB coneðA2Þ-D: We claim that we can
deﬁne a map r such that
r½W ;j ¼ ½ðAdðW"1Þ 3 n1Þ SB n2:
Consider therefore another pair of asymptotic homomorphisms kk : coneðAkÞ-D
and lk : coneðAkÞ-D; k ¼ 1; 2; such that l1 3 i1BconeðBÞl2 3 i2; k1 3 i1BconeðBÞk2 3 i2
and
j"ðk1 3 i1ÞBconeðBÞl1 3 i1: ð5:2Þ
Since W asymptotically commutes with j on SB; it follows from (5.1) and (5.2) that
the usual rotation trick gives us a homotopy between
ððAdðW"1Þ 3 n1Þ"l1Þ SB ðn2"l2Þ
and
ðn1"ðAdðW"1Þ 3 l1ÞÞ SB ðn2"l2Þ:
Hence,
½ðAdðW"1Þ 3 n1Þ SB n2 þ ½l1 SB l2 ¼ ½ððAdðW"1Þ 3 n1Þ"l1Þ SB ðn2"l2Þ;
½ðn1"ðAdðW"1Þ 3 l1ÞÞ SB ðn2"l2Þ ¼ ½n1 SB n2 þ ½ðAdðW"1Þ 3 l1Þ SB l2
in ½½coneðA1Þ SB coneðA2Þ; D: Since l1 SB l2 and n1 SB n2 factor through the
contractible C-algebra coneðA1Þ coneðBÞ coneðA2Þ; we conclude that
½ðAdðW"1Þ 3 n1Þ SB n2 ¼ ½ðAdðW"1Þ 3 l1Þ SB l2: It follows now easily that r is
a well-deﬁned homomorphism. Note, however, that at this point we do not know
that ½½coneðA1Þ SB coneðA2Þ; D is a group; only a semi-group.
To obtain an inverse to r; consider an asymptotic homomorphism
c : coneðA1Þ SB coneðA2Þ-D: By Lemma 3.2 there are asymptotic homomorph-
isms nk : coneðAkÞ-D; k ¼ 1; 2; such that n1 3 i1 ¼ n2 3 i2; and a normcontinuous
path of unitaries fWtg in Dþ such that
Ad W 3 ððc 3 j1 3 i1Þ"ðn1 3 i1ÞÞBconeðBÞðc 3 j2 3 i2Þ"ðn2 3 i2Þ: ð5:3Þ
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Then ðW ; ðc 3 j2 3 i2Þ"ðn2 3 i2ÞÞ is an E-pair, and we claim that
x½c ¼ ½W ; ðc 3 j2 3 i2Þ"ðn2 3 i2Þ
is a well-deﬁned map x : ½½coneðA1Þ SB coneðA2Þ; D-X ðB; DÞ: To see this, let
mk : coneðAkÞ-D; k ¼ 1; 2; be another pair of asymptotic homomorphisms
such that m1 3 i1 ¼ m2 3 i2; and fStg a normcontinuous path of unitaries in Dþ such
that
Ad S 3 ððc 3 j1 3 i1Þ"ðm1 3 i1ÞÞBconeðBÞðc 3 j2 3 i2Þ"ðm2 3 i2Þ:
There is a unitary in MðDÞ conjugating ðS; ðc 3 j2 3 i2Þ"ðm2 3 i2ÞÞ"ð1; n2 3 i2Þ to
ðT ; ðc 3 j2 3 i2Þ"ðn2 3 i2Þ"ðm2 3 i2ÞÞ; where fTtg is a normcontinuous path of
unitaries in Dþ with the property that
Ad T 3 ððc 3 j1 3 i1Þ"ðn1 3 i1Þ"ðm1 3 i1ÞÞBconeðBÞðc 3 j2 3 i2Þ"ðn2 3 i2Þ"ðm2 3 i2Þ: ð5:4Þ
Then a standard rotation argument shows that
½W ; ðc 3 j2 3 i2Þ"ðn2 3 i2Þ þ ½S; ðc 3 j2 3 i2Þ"ðm2 3 i2Þ
¼ ½W ; ðc 3 j2 3 i2Þ"ðn2 3 i2Þ þ ½1; ðm2 3 i2Þ þ ½S; ðc 3 j2 3 i2Þ"ðm2 3 i2Þ
þ ½1; ðn2 3 i2Þ
¼ ½TðW "1Þ; ðc 3 j2 3 i2Þ"ðn2 3 i2Þ"ðm2 3 i2Þ
þ ½1; ðc 3 j2 3 i2Þ"ðn2 3 i2Þ"ðm2 3 i2Þ
in XðB; DÞ: It follows from (5.3) and (5.4) that the ﬁrst E-pair in this sum is
degenerate. Since the second is also, we deduce that the sum is zero in XðB; DÞ: But
XðB; DÞ is a group and hence
½W ; ðc 3 j2 3 i2Þ"ðn2 3 i2Þ ¼ ½S; ðc 3 j2 3 i2Þ"ðm2 3 i2Þ;
proving that x is well-deﬁned.
Lemma 5.1. ½½coneðA1Þ SB coneðA2Þ; D is a group, and r :X ðB; DÞ-½½coneðA1Þ SB
coneðA2Þ; D is an isomorphism.
Proof. We check that x is an inverse for r: Let ðW ;jÞ be an E-pair as above. Then
r½W ;j ¼ ½ðAdðW"1Þ 3 n1Þ SB n2: Since,
AdðW "1Þ 3 ðAdðW"1Þ 3 n1Þ SB n2Þ 3 j1 3 i1 ¼ n1 3 i1
¼ ðAdðW"1Þ 3 n1Þ SB n2Þ 3 j2 3 i2;
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it follows from the deﬁnition of x that x 3 r½W ;j ¼ ½W"1; n1 3 i1: The latter is
equal to ½W"1;j"m1 3 i1 by (5.1), and hence equal to ½W ;j þ ½1; m1 ¼ ½W ;j in
XðA; DÞ:
Let next c : coneðA1Þ SB coneðA2Þ-D be an asymptotic homomorphism. Then
x½c ¼ ½W ; ðc 3 j2 3 i2Þ"ðn2 3 i2Þ: It follows from (5.3) and the deﬁnition of r; that
r 3 x½c ¼ ½ððc 3 j1Þ"n1"0Þ SB ððc 3 j2Þ"n2"0Þ ¼ ½c þ ½n1 SB n2:
Since n1 SB n2 factors through coneðA1Þ coneðBÞ coneðA2Þ; which is contractible, we
see that ½n1 SB n2 ¼ 0: Hence, r 3 x½c ¼ ½c: &
Note that it follows from Lemma 5.1 and [DL] that EðconeðA1Þ SB
coneðA2Þ; DÞ ¼ ½½coneðA1Þ SB coneðA2Þ; D:
In combination with Theorem 4.3, Lemma 5.1 shows that
r 3 k	1 : ½½S2B; D-½½coneðA1Þ SB coneðA2Þ; D is an isomorphism. We need to
know that r 3 k	1 is a natural transformation.
Lemma 5.2. Let D1 be a stable separable C
-algebra and l : D-D1 a
-homomorphism. It follows that r 3 k	1 3 l ¼ l 3 r 3 k	1:
Proof. By homotopy invariance we may exchange l with any -homomorphism
homotopic to it. Since l is homotopic to a quasi-unital -homomorphism by [Th0],
we may assume that l has this property, i.e. that l extends to a -homomorphism
%l : MðDÞ-MðD1Þ which is strictly continuous on the unit ball. We can then deﬁne a
map l : XðB; DÞ-XðB; D1Þ such that
l½W ;j ¼ ½%lðWÞ þ 1	 %lð1Þ; l 3 j:
It is then easy to see that k 3 l ¼ l 3 k and r 3 l ¼ l 3 r: &
In the following, we let K denote the C-algebra of compact operators on an
inﬁnite-dimensional separable Hilbert space.
Theorem 5.3. Assume that B is nuclear or that there are surjective conditional
expectations Pk : Ak-ikðBÞ; k ¼ 1; 2: It follows that there is an asymptotic
homomorphism U : coneðA1Þ SB coneðA2Þ-B#K which is invertible in E-theory.
Proof. By Theorem 4.3 and Lemma 5.1, r 3 k	1 : ½½S2B; D-½½coneðA1Þ SB
coneðA2Þ; D is an isomorphism for every separable stable C-algebra D: It follows
that for any separable C-algebra D0; not necessarily stable, there is an isomorphism
r 3 k	1 3 w : EðB; D0Þ-½½coneðA1Þ SB coneðA2Þ; D0#K; where w : EðB; D0Þ-½½S2B;
D0#K is the Bott-periodicity isomorphism of [DL]. Composing with the sus-
pension map S : ½½coneðA1Þ SB coneðA2Þ; D0#K-½½SðconeðA1Þ SB coneðA2ÞÞ;
SD0#K ¼ EðconeðA1Þ SB coneðA2Þ; D0Þ; we have a map m ¼ S 3 r 3 k	1 3 w :
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EðB; D0Þ-EðconeðA1Þ SB coneðA2Þ; D0Þ; which is natural in D0 by Lemma 5.2. Let
U : coneðA1Þ SB coneðA2Þ-B#K be the asymptotic homomorphism such that
½U ¼ r 3 k	1 3 w½idB: Then S½U ¼ m½idB: Let  denote the composition product in
E-theory. Both z/mðzÞ and z/zS½U are natural transformations, and they agree
on ½idB; so the uniqueness part of the universality property for E-theory, as
formulated in [H-LT], tells us that they must agree, i.e. mðzÞ ¼ zS½U for all
zAEðB; D0Þ: Let yAEðB; coneðA1Þ SB coneðA2ÞÞ be the element which is mapped to
½idconeðA1ÞSBconeðA2Þ under m: Then
mðS½UyÞ ¼ S½UmðyÞ ¼ S½U;
and hence S½Uy ¼ ½idB by the injectivity of m: It follows then that
½idconeðA1ÞSBconeðA2Þ ¼ mðyÞ ¼ mðyS½UyÞ
¼ yS½UmðyÞ ¼ yS½U½idconeðA1ÞSBconeðA2Þ ¼ yS½U:
Hence, S½U and y are each others inverses in E-theory. &
The asymptotic homomorphism U of Theorem 5.3 was not described very
explicitly in the proof, and it is fortunately not much we need to know about it. But
note that w½idBA½½S2B; B#K is represented by the asymptotic homomorphism
j0 : S
2 ¼ C0ðR2Þ-K which one obtains by applying the Connes–Higson construc-
tion to the reduced Toeplits extension 0-K-T0-C0ðRÞ-0; tensored with idB:
Thus,
½U ¼ r 3 k	1½idB#j0:
The asymptotic homomorphism j0 : S
2-K is described explicitly in [MT].
6. Results in E-theory
Evaluation at 1 deﬁnes -homomorphisms evk : coneðAkÞ-Ak; k ¼ 1; 2; which
both annihilate the image of SB; so we get a -homomorphism p : coneðA1Þ SB
coneðA2Þ-A1  A2: p is surjective since ev1 and ev2 both are. There is also a -
homomorphism i : SA1 SB SA2-coneðA1Þ SB coneðA2Þ which is injective by
Theorem 4.2 of [P1]. When the given embeddings ik : B-Ak; k ¼ 1; 2; are proper,
meaning that ikðBÞAk ¼ Ak; the natural map SA1 SB SA2-SðA1 B A2Þ is an
isomorphism by Theorem 5.5 of [P1]. Furthermore, it is easily seen that SA1 SB
SA2 ¼ SðA1 B A2Þ sits as an ideal inside coneðA1Þ SB coneðA2Þ in this case.
Moreover, we have the following.
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Lemma 6.1. Assume that ikðBÞAk ¼ Ak; k ¼ 1; 2: It follows that im i ¼ ker p; i.e.
0-SA1 SB SA2!i coneðA1Þ SB coneðA2Þ!p A1  A2-0
is an extension.
Proof. Since im iDker p; there is a surjection p˜ : coneðA1Þ SB coneðA2Þ=iðSA1 SB
SA2Þ-A1  A2; induced by p: Let q : coneðA1Þ SB coneðA2Þ-coneðA1Þ SB
coneðA2Þ=iðSA1 SB SA2Þ be the quotient map, and deﬁne sk : Ak-coneðAkÞ such
that skðaÞðtÞ ¼ ta: Then q 3 jk 3 sk : Ak-coneðA1Þ SB coneðA2Þ=iðSA1 SB SA2Þ;
k ¼ 1; 2; are -homomorphisms such that ððq 3 j1 3 s1Þ  ðq 3 j2 3 s2ÞÞ 3 p˜ ¼ id: &
By using the identiﬁcation SA1 SB SA2 ¼ SðA1 B A2Þ; we get the extension (1.1)
from the introduction. As pointed out there one can use the result from [Bo] to show
that the extension in Lemma 6.1 is semi-split, but we will not need this fact because
we are working in E-theory. When we apply the functor EðD;	Þ to (1.1) we get the
six terms exact sequence
ð6:1Þ
By [C3], there is a KK-equivalence A1  A2CKK A1"A2 induced by the
-homomorphism J : A1"A2-M2ðA1  A2Þ given by
Jða1; a2Þ ¼
j01ða1Þ
j02ða2Þ
 !
;
where j0k : Ak-A1  A2 is the canonical -homomorphism.
Lemma 6.2. The triangle
commutes.
Proof. Set
Cp ¼ fð f ; xÞAðconeðA1  A2Þ; coneðA1Þ SB coneðA2ÞÞ : f ð1Þ ¼ pðxÞg
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and let I : SðA1  A2Þ-Cp and E : SðA1 B A2Þ-Cp be the -homomorphisms
Ið f Þ ¼ ð f ; 0Þ and EðgÞ ¼ ð0; gÞ; respectively. Then @ ¼ E	1 3 I; cf. [Bl]. Since J ¼
j01 þ j02; it sufﬁces to show that I 3 j0k ¼ 	E 3 jk: To this end, let lA½0; 1; and
consider the functions cl;jl : ½0; 1-½0; 1; given by
clðtÞ ¼
t; tpl;
l; tXl
(
and
jlðtÞ ¼
1	 t; tp1	 l;
l; tX1	 l:
(
Then Ulð f Þ ¼ ð j0kð f 3 clÞ; jkð f 3 jlÞÞ deﬁnes a homotopy of -homomorphisms
SAk-Cp such that U1 ¼ I 3 j0k and U0 ¼ 	E 3 jk: &
Lemma 6.2 tells us what we need about the map @ in (6.1). We turn therefore our
attention to the map p from the diagram. It follows from Theorem 5.3 that there is
an asymptotic homomorphism U : coneðA1Þ SB coneðA2Þ-B#K which is inver-
tible in E-theory. Let evk : coneðAkÞ-Ak denote evaluation at 1; k ¼ 1; 2: What we
need to establish is that
7½ðev1 SB 0Þ"ð0 SB ev2Þ ¼ ði1;	i2Þ½U ð6:2Þ
in EðconeðA1Þ SB coneðA2Þ; A1"A2Þ: We will prove (6.2) via a series of reductions.
Let i : B-A1"A2 be the embedding iðbÞ ¼ ði1ðbÞ; i2ðbÞÞ and consider the
corresponding amalgamated free product coneðA1"A2Þ SB coneðA1"A2Þ:
The projections pk : A1"A2-Ak induce a -homomorphism j ¼ ð j1 3 p1Þ SB
ð j2 3 p2Þ : coneðA1"A2Þ SB coneðA1"A2Þ-coneðA1Þ SB coneðA2Þ: By Theorem
5.3, applied to the triple B; A1"A2; A1"A2; there is also an asymptotic
homomorphism U0 : coneðA1"A2Þ SB coneðA1"A2Þ-B#K which is invertible
in E-theory. It follows from the constructions that
U 3 j ¼ U0 ð6:3Þ
in EðconeðA1"A2Þ SB coneðA1"A2Þ; B#KÞ: Indeed, if r0 : X ðB; DÞ-
½½coneðA1"A2Þ SB coneðA1"A2Þ; D is the map of Section 5 corresponding to
the triple B; A1"A2; A1"A2; it is obvious that j 3 r ¼ r0: Hence, ½U 3 j ¼ j½U ¼
j 3 r 3 k	1ð½idB#j0Þ ¼ r0 3 k	1ð½idB#j0Þ ¼ ½U0; i.e. (6.3) holds. Assume that we
can show that
ði;	iÞ½U0 ¼7½ðev SB 0Þ"ð0 SB evÞ; ð6:4Þ
where ev : coneðA1"A2Þ-A1"A2 is evaluation at 1: If r : A1"A2"A1"A2-A1
is the projection to the ﬁrst coordinate, it follows from (6.4) that
i1½U 3 j ¼ r 3 ði;	iÞ½U0 ¼7r½ðev SB 0Þ"ð0 SB evÞ ¼7½ðev1 SB 0Þ 3 j:
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Similarly, 	i2½U 3 j ¼7½ð0 SB idA1Þ 3 j: But j is invertible in E-theory since U and
U0 both are, and it follows that (6.2) holds. To prove (6.2) we may therefore assume
that A1 ¼ A2 ¼ A; and that i1 ¼ i2 ¼ i:
To make the next reduction, consider the natural surjection P : coneðAÞ SB
coneðAÞ-coneðAÞ SA coneðAÞ: When U# : coneðAÞ SA coneðAÞ-A#K is the
asymptotic homomorphism of Theorem 5.3, applied with B ¼ A1 ¼ A2 ¼ A; then
i½U ¼ ½U# 3 P ð6:5Þ
in EðconeðA1Þ SB coneðA2Þ; A#KÞ: Indeed, it is easy to see that the diagram
ð6:6Þ
commutes. Hence,
i½U ¼ iðr 3 k	1½idB#j0Þ
¼ r 3 k	1 3 i½idB#j0 ðby Lemma 5:2Þ
¼ r 3 k	1½i#j0 ¼ r 3 k	1ði½idA#j0Þ ðby definitionÞ
¼ r 3 i 3 k	1½idA#j0 ðsince k is natural in the first variableÞ
¼P 3 r 3 k	1½idA#j0 ðby ð6:6ÞÞ;
proving (6.5). Since ððev SA 0Þ"ð0 SA evÞÞ 3 P ¼ ðev SB 0Þ"ð0 SB evÞ; it is
enough to establish (6.2) when B; A1; A2 are all the same algebra A:
For the ﬁnal reduction, let cone and S denote the C-algebras C0ð0; 1 and
C0ð0; 1Þ; respectively. Let U0 : cone S cone-K and U : coneðAÞ SA
coneðAÞ-A#K be the asymptotic homomorphisms from Theorem 5.1, the ﬁrst
obtained from the case A1 ¼ A2 ¼ B ¼ C; the second from the case A1 ¼ A2 ¼ B ¼
A: Since U ¼ r 3 k	1½idA#j0; it follows easily that U ¼ ðidA#U0Þ 3Q; where
Q : coneðAÞ SA coneðAÞ-A#ðcone S coneÞ is the surjection induced by the pair
idA#i1; idA#i2 : coneðAÞ-A#ðcone S coneÞ; where i1; i2 : cone-cone S cone
are the canonical embeddings. It sufﬁces therefore to prove (6.2) in the case where
A1 ¼ A2 ¼ B ¼ C: To do this apply the functor EðC;	Þ to the extension
0-S-cone S cone-C  C-0; which is a special case of (1.1), to get the exact
piece
0-EðC; cone S coneÞ!p EðC;C  CÞ!@ EðC;CÞ:
By [C3] ðidC  0Þ"ð0  idCÞ :C  C-C2 is a KK-equivalence, with the inverse
given by J :C"C-M2ðC  CÞ described above. Since ððidC  0Þ"ð0  idCÞÞ 3 p ¼
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ðev S 0Þ"ð0 S evÞ; we see that
0-EðC;CÞ!X EðC;C"CÞ!@
0
EðC;CÞ ð6:7Þ
is exact, where X ¼ ðev S 0Þ"ð0 S evÞ 3U	10 and @0 ¼ @ 3 ðidC  0Þ"ð0 
idCÞÞ	1 ¼ @ 3 J ¼ 	j1 	 j2 by Lemma 6.2. Since EðC;CÞCZ; (6.7) can then only
be exact if ðev S 0Þ"ð0 S evÞ 3U	10 ¼ X ¼7ði;	iÞ: Hence, (6.2) holds in this
case, and therefore in general.
We can now easily prove our main result:
Theorem 6.3. Let A1; A2; B be separable C
-algebras. Let ik : B-Ak; k ¼ 1; 2; be two
embeddings and let jk : Ak-A1 B A2; k ¼ 1; 2; be the canonical maps. Assume that B
is nuclear or that there are surjective conditional expectations Pk : Ak-ikðBÞ; k ¼ 1; 2:
For any separable C-algebra D there are six terms exact sequences
and
Proof. Consider ﬁrst the case where A1; A2 and B all have units and ikð1Þ ¼ 1; k ¼
1; 2: Then the ik’s are obviously proper embeddings. When we use the E-theory
equivalence coneðA1Þ SB coneðA2ÞCEB coming from Theorem 5.3 and the KK-
theory equivalence A1  A2CKK A1"A2 from [C3], together with Lemma 6.2 we get
the exact sequence
ð6:8Þ
Since the inverse of J in KK-theory is represented by the -homomorphism
ðidA1  0Þ"ð0  idA2Þ; cf. [C3], and since ½ðidA1  0Þ"ð0  idA2Þ 3 p ¼ ðev1 SB 0Þ
"ð0 SB ev2Þ; we see from (6.2) that J	1 3 p 3U	1 ¼7ði1;	i2Þ: This gives us the
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ﬁrst six terms exact sequence. The second is obtained in a similar way, and then,
ﬁnally, the non-unital case is derived from the unital case by adding units. We leave
this to the reader. &
It seems appropriate to emphasize the following special case of the last result.
Theorem 6.4. Let A1; A2; B be separable C
-algebras. Let ik : B-Ak; k ¼ 1; 2; be two
embeddings and let jk : Ak-A1 B A2; k ¼ 1; 2; be the canonical maps. Assume that B
is nuclear or that there are surjective conditional expectations Pk : Ak-ikðBÞ; k ¼ 1; 2:
There is then a six terms exact sequence
Proof. This is just the ﬁrst six terms exact sequence of Theorem 6.3 in the case
D ¼ C: &
7. Conclusion
The assumptions of Theorem 6.3 were used above to guarantee that some
absorbing -homomorphism coneðBÞ-MðDÞ can be extended to a -homomorph-
ism coneðA1 B A2Þ-MðDÞ: Such an extension will not exist in general. To see this
observe that if BDA are separable C-algebras and D is a stable separable C-
algebra, then there can only be a -homomorphism p : A-MðDÞ such that
pjB : B-MðDÞ is absorbing when
fjjB : j :A-D is a completely positive contractiong
is dense for the topology of pointwise normconvergence among all the completely
positive contractions B-D; see [Th1]. (In fact, this condition is also sufﬁcient.) Now
consider a separable exact C-algebra B for which ExtðconeðBÞÞ is not a group—
such C-algebras exist in abundance by [Ki1]. Then BDA for some nuclear separable
C-algebra A; in fact one can take A ¼ O2; cf. [Ki2]. That ExtðconeðBÞÞ is not a
group means that there is a -homomorphism w : coneðBÞ-Q (¼the Calkin algebra)
which does not lift to a completely positive map coneðBÞ-Bðl2Þ: Consider D ¼
wðconeðBÞÞ#K which is certainly a separable stable C-algebra. If
jn : coneðAÞ-D; nAN; is a sequence of completely positive contractions such that
limn-NjnðbÞ ¼ wðbÞ#e11; bAconeðBÞ; we would clearly also have a sequence of
completely positive contractions cn : coneðAÞ-Q such that limn-NcnðbÞ ¼ wðbÞ for
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all bAconeðBÞ: Since coneðAÞ is nuclear each cn would be liftable in the sense of [A2]
and hence this would force w to be liftable by Theorem 6 in [A2], contradicting the
choice of it. It follows that for such an inclusion BDA the approach we have taken to
prove Theorem 6.3 does not sufﬁce to verify the general conjecture in E-theory. This
obstacle is of course just as serious for our approach in KK-theory. Nonetheless, it
ought to be possible to obtain the conjectured six terms exact sequences in KK-
theory in the same generality as in E-theory. As pointed out in Remark 2.5, one way
would be to prove Lemma 2.4 in that generality. Another would be to work with
completely positive asymptotic homomorphisms in Sections 3–6. None of the two
routes seem easily passable.
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